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In this paper, under the assumption that the ∞-Bakry--Émery Ricci curvature is bounded from below, we consider the following nonlinear elliptic equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ L= \textstyle\begin{cases} \sup_{B_{p}(2R)}(\log u), &\textit{if } a\geq0, \\ \inf_{B_{p}(2R)}(\log u), &\textit{if } a< 0. \end{cases} $$\end{document}$$
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                \begin{document}$R\rightarrow\infty$\end{document}$ in ([1.4](#Equ4){ref-type=""}), we obtain the following global estimates on complete noncompact Riemannian manifolds:
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Remark 1.3 {#FPar8}
----------
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Proof of results {#Sec2}
================

We firstly give the following lemma which plays an important role in the proof of main results.

Lemma 2.1 {#FPar9}
---------
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Proof {#FPar10}
-----
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Therefore, in these two cases the estimate ([2.2](#Equ14){ref-type=""}) holds, which finishes the proof of the Lemma [2.1](#FPar9){ref-type="sec"}. □

Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec3}
----------------------------------------------
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Proof of Theorem [1.3](#FPar3){ref-type="sec"} {#Sec4}
----------------------------------------------

We define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tilde{h}=\log u$\end{document}$. Then we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \Delta\tilde{h}-\nabla f\nabla \tilde{h}&=\Delta_{f}\tilde{h} \\ &=\frac{\Delta_{f}u}{u}-\big|\nabla(\log u)\big|^{2} \\ &=-|\nabla\tilde{h}|^{2}-a\tilde{h}-b, \end{aligned} $$\end{document}$$ where, in the last equality of ([2.22](#Equ34){ref-type=""}), we used Eq. ([1.3](#Equ3){ref-type=""}). Using the Bochner formula with respect to the *f*-Laplacian, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ \begin{aligned} \frac{1}{2}\Delta_{f}| \nabla\tilde{h}|^{2}\geq{}&\frac{1-2\delta}{n}|\nabla \tilde{h}|^{4}- \nabla \tilde{h}\nabla\bigl(|\nabla\tilde{h}|^{2}\bigr)-\bigl[a+(n-1)K \bigr]|\nabla\tilde{h}|^{2}. \end{aligned} $$\end{document}$$ Following the proof of Theorem [1.1](#FPar1){ref-type="sec"} line by line, we obtain on $\documentclass[12pt]{minimal}
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                \begin{document}$$ |\nabla\tilde{h}|^{2}\leq\frac{C_{1}(n,\delta,\beta)}{R}+C_{2}(n, \delta)\max \bigl\{ a+(n-1)K,0\bigr\} , $$\end{document}$$ where *δ* is taken to zero in the second assumption.

We completed the proof of Theorem [1.3](#FPar3){ref-type="sec"}.
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